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1 Introduction

² Simulation-based econometrics specializes on prob-
lems for which analytical solutions cannot be ob-

tained. Basically, it is the availability of computer

technologies that makes it possible to resolve em-

pirically, problems that are theoretically complex.

Two frequently used simulation-based estimation

principles are called: MSL, GMSM.

A general reference: Gouri¶eroux, C. and A. Monfort,

Simulation Based Econometric Methods, Oxford Uni-

versity Press, 1996.



2 Motivation

Review on Classical Methods

Consider estimators ^̄N of ¯ (a vector with K com-

ponents) which are obtained as a solution to the prob-

lem:

argmax
¯

ªN (y1; y2; :::; yN jX1;X2; :::;XN ;¯)

² Maximum Likelihood

ªN ( y jX;¯) =
NX
n=1

ln f(ynjXn;¯): (1)

Depending on the problem, f(ynjXn;¯) denotes
a density, a probability or a combination of the

two.

{ Example : Binary Probit

f(ynjXn;¯) = ©(Xn¯)yn[1¡©(Xn¯)](1¡yn)



² Generalized Method of Moments It may be viewed
as an extension of the least-squares criterion to

non linear functions of the data. The minimiza-

tion criterion is:

ªN ( y jX;¯) = h0­h (2)

where h is a (N £ 1) vector with components hn
de¯ned as:

hn = yn ¡E(ynjXn;¯):
­ is a given matrix. With ­ being an identity

matrix, we get:

ªN ( y jX;¯) = h0h =
NX
n=1

[yn¡E(ynjXn;¯)]2:

{ Example : Binary Probit

In this case, we obtain:

yn = 1 or 0 depending on choice

E(ynjXn;¯) = ©(Xn¯):



Statistical Inference

For those two methods, one can show that under cer-

tain regularity conditions, the estimator is consistent

and asymptotically normally distributed:

N1=2(¯N ¡ ¯0) » N(0; J¡10 I0J
¡1
0 ); (3)

where J0 = lim
N¡!1 [¡ 1

N

@2ªN(yjX;¯0)
@¯@¯0

];

I0 = lim
N¡!1 [ 1N

@ªN(yjX;¯0)
@¯

@ªN(yjX;¯0)
@¯0

]:

NOTE: In the ML case, J0 = ¡I0:



Need for simulation

For cases where f(ynjXn;¯) or E(ynjXn;¯) are func-
tions that are hard (or even impossible) to compute

analytically.

As noted by Stern (1999), to implement GMM of ML

in discrete choice modeling involves evaluating expec-

tations of the form :

Eh(U) =
Z
h(u)f(u)du;

where U is a random variable with density f(u).Simulators

of the form

ĥ(U) =
1

S

SX
s=1

h(us);

will turn out to be good objects to replace Eh(U):

(Mostly due to the unbiasedness property.) The us 's

represent draws of U from its distribution.

We now present examples where simulation is needed.



Problematic Examples

² Binary Probit with Random Heterogeneity

Consider the model where we allow for \unob-
served" person speci¯c variation in the ¯ :

Un = Xn¯n + "n; "n » N(0; 1);
¯n = Zn¯ +wn; wn »MVN(0;­);

which implies that ¯n »MVN(Zn¯;­):
It is usually simpler to replace wn with an equiv-
alent formulation

wn = ­1=2un; un »MVN(0; IK);
where ­1=2 is the Cholesky factorization matrix
such that ­1=2­1=20 = ­:¤

¤|||||||||||||-
Cholesky Decomposition
Let A be a positive de¯nite matrix. Then one can always ¯nd
a lower triangular matrix P such that PP 0 = A:

Example : let A =

µ
1 2
2 6

¶
: Then P =

µ
1 0
2 1:4142

¶
; and

PP 0 =
µ
1 2
2 5:99996

¶
:



¯n can then be replaced with the rhs of:

¯n = Zn¯ +­1=2un; un »MVN(0; IK);

where ¯n is (K £ 1) and is independent of "n.

In this case, the utility formulation becomes:

Un = XnZn¯+Xn­
1=2un+"n; "n » N(0; 1);

so that given un; we have a binary Probit model

as follows:

f(yn = 1jXn;¯; u) = ©(Xn[Zn¯ +­1=2u]):

The unconditional probability is

f(yn = 1jXn;¯) =
Z
:::
Z
©(Xn[Zn¯ +­1=2u])

¤ KQ
k=1

'(uk)duk ;

= E(©(Xn[Zn¯ +­1=2u]));

which involves a K-dimensional integral over u,

a (K £ 1) vector of standard normal variates.



² Multinomial Probit
With J alternatives, the MNP model may be writ-

ten as:

Un = Xn¯ + "n; "n »MVN(0;§);
yn = (y1n; y2n; :::; yJn)

0; where:
yin = 1 if i is chosen, 0 otherwise.

In a trinomial situation, we would have:

U1n = X1n¯ + "1n

U2n = X2n¯ + "2n

U3n = X3n¯ + "3n;

where § =

0B@ ¾11 ¾12 ¾13
¾12 ¾22 ¾23
¾13 ¾23 ¾33

1CA : In deviation wrt
¯rst alternative, we get:

U2n ¡ U1n = (X2n ¡X1n)¯ ¡ "1n + "2n
U3n ¡ U1n = (X3n ¡X1n)¯ ¡ "1n + "3n:



The probability of selecting alternative 1 corre-

sponds to

Pn(1) = P (U1n > U2n; U1n > U3n)

= P ["2n < (X1n ¡X2n)¯ + "1n;
"3n < (X1n ¡X3n)¯ + "1n];
Pn(1) =

Z 1
"1=¡1

Z (X1n¡X2n)¯+"1
"2=¡1Z (X1n¡X3n)¯+"1

"3=¡1
n("; 0;§)d";

where n("; 0;§) denotes the density of a multi-

variate normal distribution with mean vector 0

and variance-covariance matrix § evaluated at ":

In the general case with J alternatives, the choice

probability associated with alternative 1 is written

as:

Pn(1) =
Z 1
"1=¡1

Z (X1n¡X2n)¯+"1
"2=¡1

:::
Z (X1n¡XJn)¯+"1
"J=¡1

n("; 0;§)d"; (4)

a J-dimensional integral:(Can be decreased by 1).



Maximum likelihood :

The log lik. function is :

ªN ( y jX;¯) =
NX
n=1

lnPn(in);

where in designates the alternative chosen by n.

Generalized Method of Moments:

The criterion function is

ªN ( y jX;¯) = h0­h;
where h is a (NJ £ 1) vector that vertically stacks
the (J £ 1) vectors hn = yn ¡ E(yn): The matrix

­ is a (NJ £ NJ) given matrix which, because the
obs. are independent, has a block diagonal structure.

The E(yn) is a (J £ 1) of probabilities with elements
E(yin) = Pn(i): Both estimation approaches require

the evaluation of multidimensional integrals.



Numerical Integration

² Unidimensional Integrals
When an integral does not exist in closed form,

it may be numerically approximated. Approxima-

tions to an integral of the form:

F (x) =
Z U
L
f(x)dx;

are variants of the well-known Simpson's rule.

One popular technique is the Gaussian quadra-

ture, the Gauss-Legendre being the most popular.

That integral gets approximated using :

F (x) ¼
LX
l=1

f(al)wl;

where wl and al are quadrature weights and ab-

scissa, respectively. More details may be found in

references listed in GREENE's book. The more

points are used (L) the more accurate the approx-

imation is.



² Bidimensional Integrals
Let's say that we wish to evaluate E(XY ); where

X;Y are jointly distributed with density f(x; y):

Then,

E(XY ) =
Z
x

Z
y
xyf(x; y)dydx

would be evaluated as

E(XY ) ¼X
i

X
j

aiajf(ai; aj)wiwj:

Note : Given a sample of N obs. of (X;Y )'s,

1=N
PN
n=1XnYn would provide an unbiased es-

timator for E(XY ):

² Computing Multidimensional Normal Integrals

{ To use numerical techniques (Gaussian Quadra-

ture) in situations involving more than three

dimensions is too demanding in computing time

if numerical integration is used and not accu-

rate enough is approximations are used.



Table 1: Computing times (points against di-

mensions)

# Dimensions
points 3 4 5
10 1 sec. 6 sec. 1 m. 07 sec.
20 3 sec. 1 m. 20 sec. 32 m.
40 15 sec. 20 m. 50 sec. 16 hrs. 40 min.

(Computed on a Sun SparcStation 2.) In the

last case, 405 = 1:6 billion points are visited.



Monte Carlo Integration

² { To understand this integration technique is

critical because it serves as the backbone for

most simulators used for estimation. Consider

the computation of the integral:

F (x) =
Z U
L
¼(x) g(x)dx (5)

= K
Z U
L
¼(x)

g(x)

K
dx

= K
Z U
L
¼(x) h(x) dx

= K Eh(x)[¼(x)]; (6)

where K =
RU
L g(x)dx is a normalizing con-

stant which ensures that
RU
L h(x)dx = 1:

If it is simple to sample xs values from the

h(x) distribution, then a good approximation

for the integral in (5) is :

F̂ (x) = K
1

S

SX
s=1

¼(xs):



As we know, the above will be an unbiased

and consistent estimator of the integral.

If sampling from h (x) is not simple and if

there exists another density I(x) with the fol-

lowing properties: it is de¯ned over the same

support, it is somehow not too di®erent from

h(x); it is easy to sample from, and ¼(x) h(x) =I(x)

is bounded and smooth over the support of x,

then:

F (x) = K
Z U
L
¼(x) h(x) dx

= K
Z U
L

¼(x) h(x)

I(x)
I(x) dx;

can be well approximated using:

~F (x) = K
1

S

SX
s=1

¼(xs)h(xs)

I(xs)
:

The I(x) density is known as the importance

function and the technique is called impor-

tance sampling.



{ In the case of the MNP model, good solutions

exist. Recall the MNP choice probability as-

sociated with alternative 1 in equation (4) and

note that it can be written as:

Pn(1) =
R ¢¢¢ R 1[U1n>Ujn;8j 6=1]n("; 0;§) d";

(7)

making then the integral unbounded. The

choice probability has the form of an expecta-

tion.

Because of that,

1

S

SX
s=1

1[Us1n>U
s
jn;8j 6=1] =

S1
S

(8)

would be an unbiased simulator for the prob-

ability where one would take S random draws

from the appropriate distribution. This is the

Lerman and Manski (1976) frequency simula-

tor. In order to be able to compute it, one

needs to know how to draw numbers from a

given distribution.



Implementation : For a given subject n, draw

S values of the "n vector from MVN(0;§).

Count the number of times Usin > Usjn;8j 6=
i; to get Si: A simulator for the probabil-

ity Pn(i) is the frequency Si=S computed for

a given subject n. In the trinomial case, it

would be computed using the equations :

Us1n = X1n¯ + "
s
1n

Us2n = X2n¯ + "
s
2n

Us3n = X3n¯ + "
s
3n:

The most severe weakness of this simulator is its non-

di®erentiability wrt the model parameters. The nor-

mal probability simulators that have been suggested

in the late 80's replace the indicator function in (7)

with smooth (di®erentiable) simulators with good sta-

tistical properties. The best of all so far is the GHK

simulator.



It is described in details in Bolduc(1999, TR-B). It

has the form of an expectation and it can be calculated

as:

gn(1jC) = 1

S

SX
s=1

JY
j=1

©jn(a
s
jn)

where asjn are recursively computed. Choice probabil-

ity simulators in the MNP context are thoroughly pre-

sented in Hajivassiliou, McFadden and Ruud , Journal

of Econometrics, 1996. (See also Stern, 1999 sect.

2.2 to 2.4).



3 Analytical background

In order to implement simulation-based econometric

methods, one needs to learn few basic techniques.

It is essential to become familiar with : 1) random

number generation and 2) simulation of variates from

given distributions.

² Random Number Generation

To make sampling from any distribution, one usu-

ally only needs a U(0; 1) random generator. Ac-

tually, random number generators are small com-

puter programs. They are pseudo-random num-

ber generators, because they are just determinis-

tic recursions. Starting with an initial condition

(called a seed), it will give exactly the same se-

quence of numbers.

newseed=(a*oldseed)%m ; x = newseed / m;

where : a=397204094 and m=2 ^31-1. Starting

seed is any positive integer < m.



² Sampling from Continuous Distributions

Once a sequence of U(0; 1) is available, there are

several ways to transform them to a desired dis-

tribution. The most useful: inversion technique.

Let x be a univariate random variable with known

cumulative distribution function F (:): It is well

known that F (x) will take a value between 0 and

1 with an equal probability. This suggests:

1. Draw a q value from a U(0; 1) distribution

2. Invert F (x) = q to get x = F¡1(q):

The x thus obtained will come from F . (Antithetic

acceleration, Stern 1999, p. 12).

Note: The inversion technique can also be used with

discrete random variables. Let Y be a discrete random

variable taking the value i with probability pi; and let

Pi = pr(Y · i) =
Pi
j=1 pj: Let Z »Uniform(0; 1)

and let Y = i i® Pi¡1 < Z · Pi; with P0 = 0; then

Y is distributed as desired.



Examples :

² { Exponential distribution

F (x) = 1¡ exp(¡¯x); x ¸ 0; ¯ > 0; and
therefore, x = ¡1

¯
ln(1¡q); q » U(0; 1);

is exponential.

{ Standard Normal

©(x) = q; implies that x = ©¡1(q); is a ran-
dom normal variate generator. The standard
normal CDF ©(¢) is available in most com-
puter packages but not the inverse standard
normal CDF.

{ Truncated Standard Normal

Let u be a standard normal variate with den-
sity Á and CDF ©: If u is forced to belong to
an interval D = (L;U); then u ju 2 D will be
the truncated normal with density:

g(u ju 2 D) = Á(u)

©(U)¡©(L):



Two simple methods exist for drawing from
this truncated distribution.

¤ Inversion Technique
The last equation allows one to write:

F (x) =
©(x)¡©(L)
©(U)¡©(L);

and therefore, the sampler becomes:

x = ©¡1[q f©(U)¡©(L)g+©(L)]:

¤ Crude Acceptance-Rejection (CAR) Method
This technique is the simplest to implement.
To get draws for u ju 2 D; draw u vari-
ates from the standard normal distribution
and keep only those values of u that satisfy
the constraint u 2 D: This is less e±-
cient than the inversion technique because
you may need to draw quite a large number
of u values in order to be able to get the
required number of draws. With the inver-
sion technique, each draw is automatically
quali¯ed.



Remark: Once it is possible to draw u val-

ues from that truncated distribution, it then

becomes simple to compute expected values.

For instance:

E(u ju 2 D) =
Z U
L
u

Á(u)

©(U)¡©(L)du; (9)

could be evaluated using a Gaussian quadra-

ture or, more simply, taking the mean of a

set of S values us drawn from the truncated

distribution. This would produce:

E(u ju 2 D) ¼ 1

S

SX
s=1

us:

This is an acceptable way to proceed, because

empirical means of random samples are unbi-

ased and consistent estimators of their pop-

ulation counterparts. As seen above, to re-

place integrals with empirical means is known

as Monte Carlo Integration.



{ Multivariate Normal

To sample x from aMVN(¹;­);use the Cholesky

factorization matrix ­1=2; and a u vector of

standard normal variates as follows: x = ¹+

­1=2u: (Check that x has the right distribu-

tion.)

4 Simulation-Based Estimation

Given the background just covered, we are now ready

to approach simulation-based econometric estimation

from a general perspective. Basically we will show

how the classical ML and GMM settings can be mod-

i¯ed to accommodate situations where f(ynjxn;¯) or
E(ynjxn;¯) are hard to compute analytically.



² Maximum Simulated Likelihood (MSL)

In the MSL setting, the log. likelihood function

ªN ( y jx;¯) =
NX
n=1

ln f(ynjxn;¯):

is replaced with:

ªSN ( y jx;¯) =
NX
n=1

ln
h
~f(ynjxn;¯)

i
where

~f(ynjxn;¯) = 1

S

SX
s=1

~f(ynjxn; usn;¯)

is an unbiased simulator for f(ynjxn;¯):

{ Example: The Logit Kernel Model

This model is written as:

Un = Xn¯ + "n + ºn; (10)

"n » MVN(0;§);

ºn » Gumbel i.i.d.



In this case, on can write:

Pn(i) =
Z
:::
Z
¤n(ij") n("; 0;§);

For this last expression, an unbiased simulator

is:

~Pn(ijC) = 1

S

SX
s=1

¤n(i j "sn);

where

¤n(i j "sn;C) =
exp(Xin¯ + "

s
in)PJ

j=1 exp(Xjn¯ + "
s
jn)

denotes the MNL choice probability given a

value "sn of "n; in (10).



{ Statistical Inference

If one is using a simulator that is unbiased and

consistent, then it is clear that as S ! 1;
MSL and ML become identical problems and

therefore, the asymptotic results are identical

to those obtained in our review of the classical

methods. Now a few remarks:

1. If S is ¯xed and small, and N ! 1; the
MSL estimator for ¯ is inconsistent because

the simulator enters non linearly into the

likelihood function .

2. Given the results of our previous calcula-

tions where 1.6 billion points were visited,

the computing cost of doing 1000 simula-

tions draws still look insigni¯cant. Until we

get more de¯nitive answers on the ultimate

value for S, it is advisable to perform sensi-

bility analyses with S varying from small to

huge values.



² Generalized Method of Simulated Moments (GMSM)
GMM ¯nds the value of ¯ that makes E(ynjxn;¯)
as close as possible to yn:

{ The GMSM estimator that we call ¯GMSM
is obtained when we replace in all those equa-

tions the hard to compute functionsE(ynjxn;¯)
with an unbiased simulator:

{ Example

In the MNP model, to simulate Pn(1); we

could use :

1

S

SX
s=1

1[Us1n>U
s
jn;8j 6=1] =

S1
S

which is the Lerman and Manski frequency

simulator.



{ Statistical Inference

Let the simulated criterion function be

ªSN ( y jx;¯) = h0­h
with h = y ¡ ~E(yjx;¯);where y is a vector
that vertically stacks the (J £ 1) vectors of

choice yn: ~E(yjx;¯) is arranged accordingly.
See Gourieroux and Monfort for a derivation.

To use ­ is the same as using GLS over OLS.

Remarks:

¤ As mentioned in Sect 3.1 of Stern's paper,
GMSM has good properties for a ¯nite S as

opposed to MSL which needs S ! 1 to

achieve optimality.

¤ Both MSL and GMSM lead to a var. cov.

matrix of the estimators that is larger than

the usual ML and GMM matrices because

of the extra noise introduced by the simula-

tion. This extra contribution disappears as

S !1:



4.1 Choice between GMSM and MSL

² MSL

{ Advantages

¤ Easy to implement because it is still just like
optimization of a standard ML criterion.

¤ If S is large, MSL is as e±cient as ML and
ML properties are well known.

¤ Objective function only depends on the prob-
ability of the chosen alternative.

¤ Well behaved.

¤ Table 1 of Stern indicates that MSL is sig-
ni¯cantly faster than GMSM.

¤ GHK is the choice prob. simulator to favor.



{ Disadvantages

¤ Needs large S to get ride of the bias intro-
duced because of the natural log.

¤ An MSL formulation with very large draws
may take as long to estimate as a GMSM
one with small number of draws where one
has to calculate the probability of each al-
ternative in the choice set.

² GMSM

{ Advantages

¤ Have good properties with ¯nite value of
S. Because simulators enter linearly the
¯rst-order condition h. Precision is insured
because the sum is taken over individual ob-
servations as well.

¤ The criterion function exploits the minimum
distance principle that leads to least squares
type estimators and is easy to implement.



{ Disadvantages

¤ Behavior of criterion function as you iterate
may not be as smooth as one would like.

Erratic behavior has many times been no-

ticed. This is from empirical experience.

¤ In order to compute this function, one has
to calculate the probability of each alterna-

tive in the choice set. MSL needs only the

probability of the chosen alternative.


